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Two representations are important in machine learning:

• The representation of the test image (activations)

• The representation of the train dataset (weights)


In a DNN, the optimality of one implies optimality of the other (Emergence Bound)


Information gives an asymmetric distance  distance on the space of learning tasks, 
which allows prediction of transfer learning.



What is an optimal representation (of test data)?
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Minimal I(x; z) = minimal

Nuisance invariance n ⫫ y ⇒ I(n; z) = 0

Sufficient I(z; y) = I(x; y)

Compositional Minimal component correlation?

data representation task

nuisances

x z y

n
y = label, segmentation, reconstruction, …

A. and Soatto, Information Dropout: finding optimal representation through noisy computation, PAMI 2017



A Variational Principle for representation learning:

The Information Bottleneck principle
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A minimal sufficient representation z of the data x for the task y is the solution to:

Information Bottleneck Lagrangian: (Tishby et al., 1999)

regularizercross-entropy

�
minimizep(z|x) I(z; x)

s.t. I(z; y) = I(x; y)

ℒ(p(z |x)) = H(y |z) + β I(z; x)



Invariant if and only if minimal
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Theorem (A., Soatto) Let z be a sufficient representation and n a nuisance. Then, 

Moreover, there exists a nuisance n for which equality holds.

I(z ; n)  I(z ; x)� I(x ; y)
constantminimalityinvariance

A. and Soatto, Emergence of Invariance and Disentanglement in Deep Representations, JMLR 2018

Corollary: A representation is maximally invariant if and only if it is minimal

Recall. A representation z is minimal for the task y if it minimizes I(z; x) among the 
sufficient representations.



The catch
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x z y
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16 bits24,576 bits 4 bits

What if we just represent an image by its index in the training set (or by a unique hash)?

It is a sufficient representation and it is close to minimal.



This Information Bottleneck is wishful thinking

�7

The IB is a statement of desire for future data we do not have:

min
q(z |x)

L = Hp,q(y |z) + � I(z ; x)
<latexit sha1_base64="5ix/e5Cegp0ObsQK/e6TCJk524w="></latexit><latexit sha1_base64="5ix/e5Cegp0ObsQK/e6TCJk524w="></latexit><latexit sha1_base64="5ix/e5Cegp0ObsQK/e6TCJk524w="></latexit><latexit sha1_base64="5ix/e5Cegp0ObsQK/e6TCJk524w="></latexit>

What we have is the data collected in the past.

What is the best way to use the past data in view of future tasks?



{ }, (car,  horse, deer, …)Training Set

Test Image

Weights Representation of 
past data



How do we measure the information in the weights of a DNN?
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Problem. Assume some prior distribution p(w) over the weights. Codifying a 
particular set of weights as real numbers requires infinite information.

w

p(w)



Example: Measuring Information by Adding Noise
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Estimate the amount of information by adding noise and measuring the decrease in 
performance.

Shannon, Prediction and Entropy of Printed English, Bell System Technical Journal, 1951

Example: Shannon (1951) estimates the information content of the English language by 
corrupting random letters and measuring the reconstruction error of English speakers.

“Thif is a vevy moisy party” → “This is a very noisy party”

Prediction and Entropy of Printed
By C. E. SHANNON

(Manuscript &ceiDcd Sept. IS, I950)

A Dew method of estimating the entropy and redundancy of a language is
described. This method exploits the knowledge of the language statistics pos-
sessed by those who speak the language, and depends on experimental results
in prediction of the next letter when the preceding text is known. Results of
experiments in prediction are given, and some properties of an ideal predictor are
developed.

1. INTRODUCTION

I N A previous paper! the entropy and redundancy of a language have
been defined. The entropy is a statistical parameter which measures,

in a certain sense, how much infonnation is produced on the average for
each letter of a text in the language. If the language is translated into binary
digits (0 or 1) in the most efficient way, the entropy H is the average number
of binary digits required per letter of the original language. The redundancy,
on the other hand, measures the amount of constraint imposed on a text in
the language_ due to its statistical structure, e.g., in English thehigh fre-
quency of the letter E, the strong tendency of H to follow T or of U to follow
Q: It was estimated that when statistical effects extending over not more
than eight letters are considered the entropy is roughly 2.3 bits per letter,
the redundancy about 50 per cent.
Since then a new method has been found for estimating· these quantIties,

which is more sensitive and takes account of long range statistics, iniluences
extending over phrases, sentences, etc. This method is based on a study of
the predictability of English; how well can the next letter of a text be pre-
dicted when the preceding .1\7 letters are known. The results of some experi-
ments in prediction will be given, and a theoretical analysis of some of the
properties of ideal prediction. By combining the experimental and theoreti-
cal results it is possible to estimate upper and lower bounds for the entropy
and redundancy. From this analysis it appears that, in ordinary literary
English; the long range statistical effects (up to 100 letters) reduce the
entropy to somethiD.g of the order of one bit per letter, with a corresponding
redundancy of roughly 75%. The redundancy may be still higher when
structure extending over paragraphs, chapters, etc: is included. However, as
the lengths involved ate 4J.creased, the parameters in question become more

1 C. E. Shannon, <lA Mathematical Theory of Communication," Bdt S;'stem Tedmical
Journal, v. 27, pp. 379-423, 623-656, July, October, 1948.
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Reducing the description length by adding noise
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Idea: Add noise to the weights to encode with a finite amount of information

q(w|D)

p(w)

� |encoding | = KL( q(w |") ∥ p(w) )w

p(w)

noise



The Information in the Weights
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fixed prioroptimal noise

A., Paolini, Soatto, Information Complexity of Learning Tasks, 2019
A., and Soatto, Where is the Information in a DNN?, 2019

L = Ew⇠q(w |D)[LD(w)] + � KL(q(w |D) k p(w))
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We want to measure the trade-off between the amount KL( q(w | D) || p(w) ) of noise 
added and the accuracy of the network.

Or, equivalently the Lagrangian:

Information in the Weights

… such that the expected 
training loss is less than t

Expected loss

S(t) = min KL( q(w |") ∥ p(w) )
s . t . $w∼q(w|")[L"(w)] < t

Minimum information in 
weights…



Grounding: The PAC-Bayes generalization bound
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PAC-Bayes bound on the test error: (Catoni, 2007; McAllester 2013)

This gives non-vacuous generalization bounds.

A. and Soatto, Emergence of Invariance and Disentanglement in Deep Representations, JMLR 2018
Dziugaite and Roy, Computing non-vacuous generalization bounds for deep neural networks, UAI 2017

What matters for generalization is not the number of 
weights, but the information they contain.

Li2bi 
1

1� 1
2�

⇥
Ew [LD(w)] + � KL(q(w |D) k p(w))

⇤
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The sharpest PAC-Bayes bound is the IB Lagrangian
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Which encoding prior p(w) gives the tightest PAC-Bayes bound?

Proposition. On expectation over the sampling of the dataset � , the sharpest 
PAC-Bayes bound is obtained when � , in which case
� .

"
p(w) = $"[q(w |")]

$"[KL(q(w |")∥p(w))] = I(w; ")

ℒ(q(w |") = $"[H(" |w)] + βI(w; ")

IB Lagrangian for the weights

A. and Soatto, Emergence of Invariance and Disentanglement in Deep Representations, JMLR 2018
McAllester, A PAC-Bayes Tutorial, 2013

The Weight Lagrangian then becomes:



The Information in a Deep Neural Network
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L(w) = Hp,q(D|w) + � KL(q(w |D) k p(w))
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encoding prioroutput of training

A., Paolini, Soatto, The Information Complexity of Learning Tasks, their Structure and their Distance, ArXiv 2019

Hochreiter and Schmidhuber, Flat Minima, Neural Computation 1997

Pictures from Zhang et al, Theory of Deep Learning III: Generalization Properties of SGD, 2017

Fisher Information: p(w) = uniform encoding prior

⇒ Implicitly minimized by SGD

KL = − log |F |

(a) natural label (b) random label

Figure 12: Illustration of the landscape of the empirical loss on MNIST.

Architecture Number of Parameters Training Accuracy Test Accuracy

MLP 1x512 1,209,866 100.0 50.51
Alexnet 1,387,786 100.0 76.07

Inception 1,649,402 100.0 85.75
Wide Resnet 8,949,210 100.0 88.21

Table 2: A number of different network architectures are trained on CIFAR-10. We turn off all the regularizers in order to avoid implicitly
constraining the hypothesis space size. We found that despite the network size continuously increases, the test performance does not drop,
but even improves.

Shannon Information: using the encoding prior �p(w) := $"[q(w |")]

⇒ Minimizes the PAC-Bayes generalization bound
$"[KL] = I(w; ")

https://arxiv.org/abs/1904.03292


SGD connects Fisher and Shannon
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SGD minimizes the Fisher Information of the Weights. However, generalization is 
governed by the Shannon Information.

Proposition. Assuming the dataset is parametrized in a differentiable way, we have:

Where w* = w*(D) is the result of running SGD on dataset D and F(w) is the Fisher 
Information Matrix in w.

A. and Soatto, Where is the Information in a Deep Network?, 2019
Brunel and Nadal. Mutual information, fisher information, and population coding, 1998

Fisher Information
Shannon Information

I(w; ") ≈ H(") − $[log( (2πe)k

|∇"w* F(w*) ∇"w*T | )]



Empirical verification: Phase transition
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! < 1 ⇒ overfitting

! > 1 ⇒ underfitting

! < 1 ⇒ overfitting

! >> 1 ⇒ underfitting

fitting

Using the regularized loss:
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Achille and Soatto, Emergence of Invariance and Disentanglement in Deep Representations, JMLR 2018

Phase transition

L(w) = Hp,q(D|w) + �KL(q(w |D)kp(w))

For random labels there is a transition between over- and under-fitting at β = 1.



Two Bottlenecks
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dataset weights real distribution

D w p(y|x)

data activations label

x z y

Activations IB

Invariance

Weights IB

Generalization

�18

min
w
L = Hp,qw (y |z) + �I(D;w)
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min
q(z |x)

L = Hp,q(y |z) + �I(z ; x)
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The Emergence Bound: connecting the two bottlenecks
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A. and Soatto, Emergence of Invariance and Disentanglement in Deep Representations, JMLR 2018

A. and Soatto, Where is the Information in a Deep Network?, 2019

Proposition. To the first order the information in the activations is given by:

I2z(x ; z) ⇡ H(x)� log
⇣ (2⇡e)k

|rx fw (x)t Jtf F (w) Jf rx fw (x)|

⌘
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Take-away: Reducing information in the weights reduces information in the 
activations, hence it promotes invariant classifiers.

Let z = fw(x) be a layer of a network, and let zn be the representation obtained by 
adding noise to the weigths. We define the effective information as Ieff (x; z) = I(x; zn)

Fisher Information

in weights

Information

in activations



Compression of weights leads to compression of activations
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The (Fisher) information in the 
weights decreases later in training

The effective information in the 
activations decreases

We empirically observe that the Fisher Information decreases later during training.

A., Rovere, Soatto, Critical Learning Periods in Deep Networks, 2018



Training data Testing

Weights

Invariant representation

{ }, (car,  horse, deer, …)

Compression of the weights biases toward invariant and disentangled representations.

PAST FUTURE

Weights Activations

Generalization (PAC-Bayes) Invariance (Emergence)

Minimality (Shannon) Minimality (Fisher)



What is the distance between two tasks?
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MNIST
Fashion MNIST

SVHN

CIFAR-10
ImageNet

KITTI



A Topology on the Space of Tasks
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Distance between tasks: 

That is, how much more information do we need to learn?

d("1 → "2) = I("1"2; w) − I("1; w)
Complexity of 

learning together
Complexity of 
learning one

A., Paolini, Mbeng, Soatto, The Information Complexity of Learning Tasks, their Structure and their Distance, 2019

Difficult task to easy task

Easy task to difficult task
Similar tasks cluster together

https://arxiv.org/abs/1904.03292


Scaling this up: TASK2VEC
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Probe network 
(fixed)

Task 1

Task 2

Task 3

Retrain classifier on:

Fisher 1 Fisher 2 Fisher 3

d("i, "j) := cos(Fi, Fj)

We compute the Fisher Information for the task using a pretrained set of weights and 
measure the distance between the compute the cosine distance between the Fisher:

A. et al., TASK2VEC: Task embedding for meta-learning, 2019



TASK2VEC: Embedding tasks in a metric space 
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Recovers species taxonomy on 
iNaturalist

Idea: Represent each tasks in a metric space using its Fisher Information Matrix diagonal.

Task Embeddings Domain Embeddings

Actinopterygii (n)

Amphibia (n)

Arachnida (n)

Aves (n)

Fungi (n)

Insecta (n)

Mammalia (n)

Mollusca (n)

Plantae (n)

Protozoa (n)

Reptilia (n)

Category (m)

Color (m)

Gender (m)

Material (m)

Neckline (m)

Pants (m)

Pattern (m)

Shoes (m)

Task Embeddings Domain Embeddings

Actinopterygii (n)

Amphibia (n)

Arachnida (n)

Aves (n)

Fungi (n)

Insecta (n)

Mammalia (n)

Mollusca (n)

Plantae (n)

Protozoa (n)

Reptilia (n)

Category (m)

Color (m)

Gender (m)

Material (m)

Neckline (m)

Pants (m)

Pattern (m)

Shoes (m)

Recovers a meaningful topology 
on hundred of tasks

A. et al., TASK2VEC: Task embedding for meta-learning, 2019



Distance between different tasks on the same inputs
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TASK2VEC: Task Embedding for Meta-Learning

We thank the reviewers for their thoughtful comments and

positive feedback. They felt it was a “novel approach” [R2]

to a “practically important” [R3] problem with “clear justi-

fications for design choices” [R2], “thorough experiments”

[R1], and that the paper is “well written” [R1,R2].

R1: A discussion of how the proposed approach can be ex-
tended to handle other task types is necessary.
It is straightforward to extended our framework to tasks be-

yond classification: TASK2VEC considers a probe network
(feature extractor) + predictor + loss. Tasks with different

output spaces or losses (different number of classes, seg-

mentation, 3D shape, etc.) can be embedded by swapping

out the predictor for a simple task-specific architecture (e.g.,
a linear classifier or a decoder), while keeping the probe net-

work fixed. To demonstrate this, we applied TASK2VEC to

the Taskonomy dataset which allows us to compare classi-

fication, geometric, and semantic pixel labeling tasks (see

Fig. A.1 and the answer to R2 for details).

R1: A fixed probe network for all tasks is not realistic.
We do not suggest using a single network to solve all tasks,

but we use a common architecture to compute the distance
between tasks. Indeed, a key motivation behind our task

embedding is to quickly identify (or even generate) the ap-

propriate task-optimal pretraining and model architecture

to solve the task. The probe network does not need to be

optimal for a specific task, but rather general across many

tasks to be informative of the structure of a task and features

shared with other tasks. As we showed in the paper, probe

networks with different architectures (and widely different

optimality w.r.t. ImageNet performance) produce equivalent

embeddings in terms of computing task distances.

R2: The experiments only perform binary classification.
While the two-layer example is binary for simplicity of ex-

position, all the experiments are multi-class classification

problems with varying numbers of classes in each task.

R2: Extensions and experiments which test the method on

Figure A.1. TASK2VEC distance between Taskonomy tasks [39].

As in [39], similar tasks cluster together: (blue) 2D tasks, (orange)

3D tasks, (green) semantic tasks.

Figure A.2. Norm of the task embedding as the number of samples

in the dataset varies. Larger datasets generally have larger norms,

hence TASK2VEC enables distinguishing tasks that only differ by

the number of shots (training samples/class).

tasks which may be considered more practical or complex.
In response to this suggestion, we computed task embed-

dings for a set of tasks from the Taskonomy dataset [39] us-

ing the same probe network as in the paper and 0.2% of the

available data (Fig. A.1). The TASK2VEC embeddings give

the full distance matrix and shows intuitive clustering into

2D, 3D and semantic categories similar to those found by

Taskonomy but with less compute (5 GPU hours). In com-

parison, [39] conducts pairwise transfer experiments which

required thousands of GPU hours.

R3: The model’s dependency on the ImageNet-pretrained
network may be very large.
Our experiments in the paper, and the additional results in

Fig. A.1, show robust results on tasks very different from

ImageNet (fashion attributes, geometry regression). Short

of an extreme shift (e.g., different imaging modality), we

expect the choice of probe network pre-training to not be a

substantial limitation.

R3: Task embedding model should be able to capture the
difference between many-shot and few-shot problem.
TASK2VEC does enable distinguishing many- and few-shot

tasks. As seen in Fig. A.2, as the number of training samples

increases the norm of the embedding also increases across

a range of tasks. We note that this property is implicitly

exploited when selecting models using our asymmetric dis-

tance, since models trained on less data will be penalized

(they are closer to the trivial zero embedding).

R3: Difference between two tasks with identical dataset but
with different labels.
Yes, Fig. 1 in the paper shows this case (as does the Taskon-

omy experiment shown here). The set of images is identical

for the fashion attribute tasks and only the label output space

changes. Fig. A.1 here further confirm the point, since all

tasks rely on the same RGB images as input.

Animations from https://github.com/StanfordVL/taskonomy
Distance matrix from Achille et al,, Task2Vec

https://github.com/StanfordVL/taskonomy


Proposing an optimal expert for the task
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Figure 3: TASK2VEC often selects the best available experts. Violin plot of the test error distribution (shaded) on tasks
from the CUB-200 dataset (columns) obtained by training a linear classifier over several expert feature extractors (points).
Most specialized feature extractors perform similarly on a given task, and similar or worse than a generic feature extractor
pre-trained on ImageNet (blue triangles). However, in some cases a carefully chosen expert, trained on a related task, can
greatly outperform all others (long lower whiskers). The model selection algorithm based on TASK2VEC can predict an
expert to use for the task (red cross, lower is better) and often recommends the optimal, or near optimal, feature extractor
without performing an expensive brute-force training and evaluation over all available experts. Columns are ordered by norm
of the task embedding vector. Tasks with lower embedding norm have lower error and more “complex” task (task with higher
embedding norm) tend to benefit more from a specialized expert.

sults: Tasks that are correlated in the dataset, such as binary
classes corresponding to the same categorical attribute, may
end up far away from each other and close to other tasks that
are semantically more similar (e.g., the jeans category task
is close to the ripped attribute and the denim material). In
the visualization, this non-trivial grouping is reflected in the
mixture of colors of semantically related nearby tasks.

We also compare the TASK2VEC embedding with a do-
main embedding baseline, which only exploits the input
distribution p(x) rather than the task distribution p(x, y).
While some tasks are highly correlated with their domain
(e.g., tasks from iNaturalist), other tasks differ only on the
labels (e.g., all the attribute tasks of iMaterialist, which
share the same clothes domain). Accordingly, the domain
embedding recovers similar clusters on iNaturalist. How-
ever, on iMaterialst domain embedding collapses all tasks
to a single uninformative cluster (not a single point due to
slight noise in embedding computation).

Task Embedding encodes task difficulty. The scatter-plot
in Fig. 3 compares the norm of embedding vectors vs. per-
formance of the best expert (or task specific model for cases
where we have the diagonal computed). As suggested by
the analysis for the two-layer model, the norm of the task
embedding also correlates with the complexity of the task
on real tasks and architectures.

4.2. Model Selection
Given a task, our aim is to select an expert feature extrac-

tor that maximizes the classification performance on that
task. We propose two strategies: (1) embed the task and
select the feature extractor trained on the most similar task,
and (2) jointly embed the models and tasks, and select a
model using the learned metric (see Section 3.4). Notice
that (1) does not use knowledge of the model performance
on various tasks, which makes it more widely applicable
but requires we know what task a model was trained for and
may ignore the fact that models trained on slightly differ-
ent tasks may still provide an overall better feature extrac-
tor (for example by over-fitting less to the task they were
trained on).

In Table 1 we compare the overall results of the various
proposed metrics on the model selection meta-tasks. On
both the iNat+CUB and Mixed meta-tasks, the Asymmetric
TASK2VEC model selection is close to the ground-truth op-
timal, and significantly improves over both chance, and over
using an generic ImageNet expert. Notice that our method
has O(1) complexity, while searching over a collection of
N experts is O(N).
Error distribution. In Fig. 3, we show in detail the error
distribution of the experts on multiple tasks. It is interest-
ing to observe that the classification error obtained using
most experts clusters around some mean value, and little
improvement is observed over using a generic expert. On

7

Allows to select the best expert to solve a task and substantially reduce error and 
training time.



A snag: Critical Learning Periods in Deep Networks
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Deficit Normal training
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Compression of weights leads to compression of activations

�29

The (Fisher) information in the 
weights decreases later in training

The effective information in the 
activations decreases

Information acquisition behaves in a  non-trivial way during training.

A., Rovere, Soatto, Critical Learning Periods in Deep Networks, 2018
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